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Abstract. Let G be a graph with chordal complement and I{G) its edge 
ideah Prom work of Herzog, Hibi, and Zheng, it is known that I{G) has hnear 
quotients and all of its power have linear resolutions. For edge ideals /(G) 
arising from graphs which do not have chordal complements, exact conditions 
on their powers possessing linear resolutions or linear quotients are harder to 
find. We provide here an explicit linear quotients ordering for all powers of the 
edge ideal of the antipath and a linear quotients ordering on the second power 
1{A„)^ of the edge ideal of the anticycle A„. This linear quotients ordering 
on I(An)^ recovers a prior result of Nevo that I(A„)^ has a linear resolution. 

1. Introduction and Background 

Let G be a simple graph on n vertices, and I{G) its edge ideal, i.e., a squarefree 
monomial ideal in i? = kfxi, . . . , x„] with monomial generators XiXj corresponding 
to each edge {i,j} G G. Such ideals have been extensively studied in such papers 
as |HVT07) . |HVT08j . [Nevllj . [Vil90] . and more recently, [MVlOj . A goal of much 
recent research has been to classify behavior of the resolutions of such ideals I{G) 
and that of their powers in terms of combinatorial data of G. We provide here an 
explicit proof that the second power of the edge ideal of the anticycle has not just 
a linear resolution, but also linear quotients. 

In the course the proof, we additionally demonstrate that all powers I{P^)'' of 
the edge ideal of the antipath have linear quotients. 

Definition 1.1. Let G be a simple graph on n vertices. Then the edge ideal of G 
is the squarefree monomial ideal /(G) given by 

IiG) = ix,x, -.{i.jjeG). 

We say that a graph G has property P if its edge ideal /(G) has such a property; 
e.g., G is Gorenstein if /(G) is Gorenstein, G is linear if /(G) has a linear resolution, 
etc. In particular, we will say a graph G has linear quotients if its edge ideal /(G) 
has linear quotients: 

Definition 1.2. Let / be a homogeneous ideal. We say that / has linear quotients 
if there exists some ordering of the generators of / = (mi, m2, . . . , nir) such that 
for alH > 1, 

((mi, . . . ,m^_i) : (m^)) = (xfc^, . . . , Xfe J 

for some variables Xk-^ , . . • , Xk^ ■ We say that such an ordering (mi, m2, . . . , nir) is 
a linear quotients ordering of I. 
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For two monomials m and m' we define to' : m to be the monomial — -rp^ — tt. 

gca(m,m ) 

Given monomials mi, . . . , mi, the colon ideal (toi, . . . , to^-i) : (to^) can be com- 
puted as 

(toi, . . . ,TOi_i) : (toj) = (wi : TOi, . . . ,TOi_i : TOj). 

Thus, in order to show that a monomial ideal I — (toi , . . . , to^) has linear quotients, 
it suffices to show that for each pair of monomials to, and rrij with j < i that there 
exists another monomial to^ with k < i with 

TOfc : TOi = xi for some Z and xi divides rrij : rrii. 

The graded Betti numbers of a homogeneous ideal / are given by f3i,j{I) = 
dimjj Tori (/, k)^ . The graded Betti numbers also correspond to the ranks of the 
free modules in a minimal free resolution of /. We say an ideal / which is generated 
in degree d has a linear resolution if = for j =/= i + d. Ideals with linear 

quotients also have linear resolutions. 

Providing a linear quotients ordering is one technique for proving that an ideal 
has a linear resolution, often with combinatorial significance in the case of monomial 
ideals. In the case of squarefree monomial ideal, an ideal / having linear quotients 
is equivalent to its Alexander dual having a shelling order on its facets. For 
non-squarefree monomial ideals, a linear quotient orderingscan be viewed as giving 
a shelling order on the Alexander dual of its polarization. 

Interest in powers of the anticycle partially draws from a result of Herzog, Hibi 
and Zheng |HHZ04j which states the following: 

Theorem 1.3 (Herzog, Hibi, Zheng). Let / be a quadratic monomial ideal of the 
polynomial ring. The following are equivalent: 

(1) / has a linear resolution, 

(2) / has linear quotients, 

(3) has a linear resolution for all fc > 1. 

For edge ideals, Froberg showed that I{G) has a linear resolution if and only if 
the complement of G is chordal [FroQOj . 

Conspicuously missing from the above theorem is the statement that all powers 
of a quadratic monomial ideal / with linear resolution must have linear quotients. 
In fact, this is not known. There are numerous examples of non-quadratic monomial 
ideals possessing a linear resolution, or even linear quotients, whose powers do not. 
In [Con06j , Conca provides a example generated in degree 3 which is not dependent 
on the characteristic of the field k. 

It would be of interest to construct linear quotients of powers of quadratic mono- 
mial ideals with the aim of extending Herzog, Hibi and Zheng's theorem. Alter- 
nately, as no counterexamples are known, the construction of a quadratic monomial 
ideal / with a linear resolution but some power k with no linear quotients ordering 
on the generators of /'^ would be of combinatorial interest. 

Our work on the second power of the anticycle was also inspired by a second 
thread of research. Francisco, Ha and Van Tuyl first investigated graphs G where 
1(G)'' has a linear resolution for each k > 2. 

From Froberg and Herzog, Hibi and Zheng's results, we see that chordal graphs 
have this property. More generally, it has been shown by Francisco, Ha and Van 
Tuyl that if some power of I{G) has a linear resolution, then the complement of G 
cannot contain any induced four cycles. Their proof was recorded in |NP09] . 
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Inspired by these results, Peeva and Nevo constructed an example of a graph 
G with no four cycle in its complement and where I{G)^ does not have a linear 
resolution. Peeva and Nevo have conjectured that their example works only because 
/(G) has Castelnuovo-Mumford regularity four and that every successive power of 
an edge ideal should get strictly closer to a linear resolution. See |NP09| for a more 
precise statement. 

Nevo has also shown that claw-free graphs with no four cycles in their comple- 
ments have regularity at most three and their second powers have linear resolutions 
[Nevllj . Anticycles on more than four vertices meet these criteria and so, it follows 
that their second powers have linear resolutions. Here we demonstrate that the 
square of the edge ideal of the anticycle has linear quotients, recovering this result. 

2. Cycles, Anticycles, and Antipaths 

We first describe the edge ideal of the anticycle and partition pairs of its edges 
into several natural classes. Next, we provide a linear quotients ordering on these 
classes relative to the previous generators. 

The complement of a graph G is the graph on the vertices of G containing all 
edges that are not in G. We use G"^ to denote the complement graph. 

Definition 2.1. Let C„ be the cycle graph on n vertices, i.e. the graph consisting 
of one cycle of length n on these vertices with no chords. The anticycle graph An 
is the complement graph of C„, i.e., A„ = C^- 

Definition 2.2. The antipath is the graph on n vertices containing of all edges 
in the complement of a path P„ of length n — 1. We depict the antipath in the 
figure below. 

P„: ,1^ , , ^ . . 

Xi X2 Xs X4 Xn-1 Xn 




Producing a linear quotients ordering for graphs with chordal complements is always 
possible and all of their powers have linear resolutions, as given in Theorem 3.2 in 
[HHZ04| ■ However, most naive orderings on the generators of higher powers of I{G) 
fail to produce linear quotients for G with chordal complements. 

Example 2.3. Let R — k[xi, . . . ,xq] and let / = /(^„)^ be the square of the edge 
ideal of the anticycle on 6 vertices in R. Its generators, written in lex order, are 
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given by: 

X^X^, XiX3X4^, X^X^X^, xfx^, XiX4^X5, X^xl, XiX2X^X/i, XiX2X^X^^ X1X2X3XQ, 
XiX2xl, XiX2X4X5,XiX2X4XQ,XiX2xl, X1X2X5XQ, Xixlx^, XiX^Xq, X1X3X4X5, 
X1X3X4XQ, XiX3X^,XiX3X5X(),Xix1xq, X1X4X5XQ, x\x\, x\x4X^tX\x4Xq^ X^xl,, 

x\xzXq, xlxl,X2X3X4X5, X2X3X4XQ, X2Xzxl, X2X3XZXQ, X2X3XI, X2x\xq, 

2222 22 222 

X2X4X^Xq, X2X4XQ, X^X^, X^X^Xq, X^Xq, X3X4Xc,Xq, X3X4XQ, X^Xq. 

This ordering fails to be a linear quotients ordering. Let nii be the i*^ monomial in 
the ordering above, and let li denote the ideal generated by the first i — l monomials 
in the ordering. Setting Qi = li : (mi), we see that 

Qg = {xjxl, xlx3X4, X1X2X3X4, xjxl, XiX2xl, xlxl, xjxsX-i, X1X2X3X5) : {xiX2X3Xe) 
= ix4,X5,XiX3) 

is not generated by variables, hence the lex ordering fails to give us linear quotients. 
Similarly, with reverse lex, we have the following ordered generating set: 

x\xl,x\x3X4,XiX2X3X4, xjxl, XiX2x\, x\xl, xlx3Xz , XiX2X3X^, Xixlx^, 

X1X4X5, a;ia;2a;4a;5, a;2a;4a;5, a;ia;3a;4a;5, X2X3X4X5, x^xl, xiX2xi,^ x^x^^ xiX3x'i,, 
X2X3XI, X3XI, X1X2X3XQ, X1X3XQ, X1X2X4XQ, a:2a:4a;6, 2:iX3a:4a;6, 2:22:30:40:6, 
xixlxe, X2xlx6, xiX2X5Xe, xlx^xe, X1X3X5X6, X2X3X5XG, xlx^xe, X1X4X5X6, 

X2X4X5Xe,X3X4X5Xe,xlxl,X2X3xl,xlxl,X2X4xl,X3X4xl,xlxl. 

This fails to have linear quotients at Q21 = /21 : (2:i2:2a;32;6) = (2:4, 2:5, 212:3). Using 
a monomial ordering on the generators of / does not appear to ever produce a linear 
quotients ordering on the generators of /(A„)^. 

This appears to be true more generally - while all higher powers of edge ideals 
with linear quotients appear to have linear quotients as well, these linear quotients 
orders almost never arise from a monomial term ordering. 



3. Antipath Linear Quotients 

Throughout this section we will use H ^ P^to denote the antipath on n vertices. 
The first stage in our linear quotients ordering is to show that the square of the 
antipath has linear quotients with respect to the lex order. As the complement 
of the antipath is a chordal graph, it is known that I{H) has a linear resolution 
via Froberg's Theorem |Fro90| . Furthermore, as I{H) has a linear resolution and 
is generated in degree 2, it is known to have a linear quotient ordering and linear 
resolutions of all of its powers |HHZ04] . However, a linear resolution of its second 
power does not guarantee a linear quotients ordering of I(H)'^, which we provide 
explicitly here. 

Proposition 3.1. The k*"^ power 1(H)'' of the edge ideal of the antipath H has 
linear quotients, under the lex ordering of the generators. 

We begin with some notation and a lemma. 



LINEAR QUOTIENTS OF SQUARE OF THE EDGE IDEAL OF THE ANTICYCLE 



Given any k edges ei, . . . , Cfe in a graph G, we will often abuse notation and write 
m = 6162 • • ■ Cfe for the monomial 

k 

m = Xi^ Xj^ 

r=l 

where e,. = {xi^,Xj^}. When a monomial m is of this form, we say m is the product 

of k edges of G. 

Example 3.2. Let G be the complete graph on six vertices {x,y,z,'w,s,t} seen 
below. 



G: X 




Then the monomial m = xyzwst € I{G)^ comes from any three edges with each 
vertex appearing in a unique edge exactly once. 



y 






m/e2 












t s t es s t 

So m = (316263 for the labeled edge sets in any of the diagrams above. 
Lemma 3.3. The ideal I(H)^ is given by all monomials of degree 2k of the form 

I{H) = [xi^Xi^ ■ • ■ Xif,Xj-^Xj2 ■ ■ ■ Xji, : 

«i < ^2 < • • • < «fc < ii < i2 < ■ • ■ jfc and ir + 2 < jr for all r). 

Equivalently, every minimal monomial generator m G 1(H)'' can be written as 
a product of k edges m = ei • ■ • where = {xi^ , xj^ } and 

ii < 12 < ■ ■ ■ < ik < ji < j2 < ■ ■ ■ < 3k- 

Proof. Any monomial m of degree 2k can be written as 

^ = • • • Xif, Xj^ ■ ■ ■ Xji_ 

with ii < ■■■ < ik < Ji < ••• < jk- Let m be a minimal generator of 1(H)'' 
and write m as above. Assume for a contradiction that there is an index r with 
V + 2 > jr- Since the indices of m have been written in ascending order, we know 
that 

{ir,ir+l, ■ ■ -Jkjl, ■ ■ ■ ,jr} C {v,«r + 1}. 



Let m' be the degree k + 1 monomial m' 



which divides 



m. The support of m' is contained in {xi^,Xi^-^-l} but there are are no edges in the 
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antipath between Xi^ and Xi^+i. Thus, m' contains no edge as a factor. However, 
as m is a product of k edges, every degree fc + 1 factor of m must contain at least 
one edge. This is contradicted by our construction of m', and so we must have 
V + 2 < jr for each r. □ 

We now return to the proof of Proposition 13.11 

Proof of Proposition \3.1\ . From Lemma 13.31 '^6 have that 

I{H) — {xi-^Xi2 ■ ■ ■ Xif,Xj-^Xj2 ■ ■ ■ Xj^ : 

*i *2 ■ • ■ *fc ii ^ ^2 ■ • ■ Jfc and + 2 < j^. for aU r). 
Any pair of monomial generators m and m' of I{H)^ will be of the forms: 

772 =^ Xi^ ' ' ' "^ik "^jl '^32 ' ' ' "^jk — ^1 ^2 ' ' ' 

m Xyi^ X^l^ ... / Xjrjf Xjrjf ... Xjrjf Cl 6o ... I 

'l '2 'fc Jl J2 Jk J- ^ 

with indices ir,i'ri jr, j'r all satisfying the inequalities above and for edges = 
{xi^ , Xj^ } and ej, = {xii^ , Xj'^ } of H. We show for every such pair of monomials with 
m' >iex w that m' : m will be divisible by some Xi = m" : m for some m" >ic^m. 

Case 1: Monomials m and to' differ first at some Xi^. Assume v is the 
first index at which to and to' differ; i.e., i^ — i'^ for all s < r and i'^ < ir- 

X ' 

Let to" = Tjr-^TO. This is certainly a monomial of the appropriate degree which 

is lex earlier than to. To show that to" e I{H)^ , we note that as ?^ < v < > — 2, 
we have an edge Sr — {xi' , Xj,, } G H. Thus 

to" = ei • ■ • Cr-ier-er+l ■ ■ • Gfc <= I{H)^ ■ 

As to" : m — Xi' and Xj' divides to' : to, we either had to" = to' (in which case 
we satisfy the first condition above) or to" ^ to' and this colon satisfies the second 
condition above. 

Case 2: Monomials m and to' differ first at some Xj^. Assume that to 
and to' do not differ in the Xi^; i.e., is = i'^ for all s = 1, . . . , fc. Let jr be the first 
index where to and to' differ. That is, js = j's for all s < r and j'^ < jr- So 



in Xi-^ • • • Xi^Xj-^ ■ ■ • Xj^ -^Xj^Xj^^-^ • • • Xjj^ ^1^2 ' ' ' f^r—l^r^r-i-l ' ' ' 

Choosing 



= 6162 • • -er-ie^Cr+i ■■■er, 

we note that as = {xi^,Xji} G H, we have to" G I{H)^. This is a lex earlier 
monomial in I[H)^ . So to" : to = Xji which divides m' : m. □ 

4. Linear Quotient Ordering of Anticycle 

The proof that the square of the edge ideal of the antipath has linear quotients 
is the first step in constructing a linear quotients ordering of the generators of 
the anticycle. With this in hand, we now show that the following ordering on the 
generators of the square of the edge ideal of the anticycle gives us linear quotients. 
For the remainder of this note, we let G be the anticycle graph and let H be the 
antipath obtained by deleting some vertex of G. 
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Remark 4.1. We will label the vertices in G as follows. Let x be the vertex we 
delete to obtain H, and let zi and Z2 the two non-adjacent vertices in G (so the 
two neighbors of x in the cycle itself). Finally, let yi,. ■ ■ ,yn be all the remainging 
vertices in order, so that yi is not adjacent to zi and y„ is not adjacent to Zn- Note 
that each is adjacent to x. Thus, for this section, we assume that G has n + 3 
vertices. See the figure below. 



Theorem 4.2. Let G be the {n + 3)-anticycle graph, labeled as in the picture 
above, with n > 2. Let H = G \ {x} be the induced graph away from x. Let 
J = I{H) be the edge ideal of H and let K = I{G \H) = {xyi : i = 1, . . . ,n) he 
the edge ideal on the edges not in H. 

Then the edge ideal I{G) has a linear quotients given by the following ordering 
of its monoimal generators (monomials occurring earlier in this list appear earlier 
in the order): 

(1) m G ordered via the lex ordering with Zi < yi < y2 < ■ ■ ■ < yn < Z2 

(2) m&J-K 

(a) m = xyiZiZ2, i = 1, .... n, 

(b) m = xyiyjZ2, i < j, ordered via lex with yi > 2/2 > • ■ • > Vn, excluding 
nongenerator xy'^Z2, 

(c) m = xyiyjZi, i < j, ordered via lex with yi < y2 < ■ ■ ■ < Vn, excluding 

nongenerator .xy^zi, and 

(d) TO = xyiyjyk, i l£ j ^ k, ordered via lex with j/i > 2/2 > • • • > yn- 

(3) TO G K^. 

(a) TO = x^y^yj ordered via lex excluding x'^yf with yi < y2 < ■ ■ ■ < yn 

(b) TO = x^yl- 




yn 



yn-1 



H: 




Vi+i 



• yi 



yn-i 



Vn-l 
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Before giving the proof, we provide a specific example of the ordering of I{G)^ for 
the antipath G on 6 vertices. 

Example 4.3. Let n = 3 so we have the anticycle graph G on vertices {x, zi, j/i, ?/2, 2/3, Z2}- 

Zx yi 



G: X 




Z2 VS 

Our two subgraphs H and G\H will be as below. 

zi Vi 



H: 




G\H: X 




The linear quotients ordering from Theorem 14. 2 1 on the generators of I{G)^ is given 
here by 

I{Gf = {zfy2, zfy2y3,zly2Z2,zfyl, zfy3Z2, zfz^, ziyiy2y3, ziyiy2Z2, 
ziyiyl, ziyiy3Z2, ziyizl, ziylz2, ziy2yzZ2, ziy2zl, yfyl, 

2 2 2 2 2 2\fll 

y 1 2/3 2^2 , y 1 : y 1 2/2 2/3 2^2 , y 1 2/2 ^2 > ^2 ^2 ) 

+ {xziyiZ2, xziy2Z2, xziy3Z2Y^°-'' 

+ {xylz2,xyiy2Z2, xyiy3Z2, xyjz2,xy2y3Z2)^'^''^ 

+ {xziyl,xziy2y3,xziyiy3, xziyl,xziyiy2)^'^''^ 

+ {xyfys, xyiy2y3, xyiyl)'^^'^'' 

, / 2 2 222 2 2\|3al 

+ {x yiy2,x yiy3,x y2,x y2y3,x y^y — ' 

+ {x^yl)^. 

4.1. Proof of Theorem HH 

Proof of Theorem \4-2\ The generators of I(G)'^ fall into three main cases, with the 
second case split up into four subcases and the third case placing the first lex 
ordered generator at the very end. We will address each case separately. 

Note 4.4. Let Im = (^(^)^)m d^'^'^^*' the ideal generated by all monomials in 
the linear quotients ordering before adding M, a minimal generator of I{G)^. In 
general, we will use Qm to denote the colon ideal 

Qm = Im ■■ (M), 
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though we will often omit the subscript if the stage in the ordering is clear. We 
show here for all monomial generators M in the quotients ordering that 

for some variables x^^^x^^,. ..,x^^ € {x, zi, Z2, 2/2, ■■■jUn} ^V. 

Let Vm denote the variables generating Qm , or as above, Vm — {xij^^Xi^, . . . ,Xi^} 
and let Wm = V\Vm- 

The general technique used begins with generating Xi G Vm explicitly via exhi- 
bition of a monomial generator m' G such that 

to' : M — Xi. 

After finding our expected Vm, we note that any remaining minimal monomial 
generators to of Qm which are not variables, i.e. not in a linear generator of the 
ideal (Vm), must have their support, supp(to) £ Wm- 

We then show that any generators to' € I{GY which would give us 

to' : M = to G [Wm) 

must either have to G {Vm) (and hence a contradiction, as such a generator cannot 
be minimal in Qm) or could only come from a monomial to' occurring after M in 
the linear quotients ordering (and hence another contradiction, as to ^ Qm-) For 
consistency, we will always use M, to and to' in the same roles throughout the 
proof. 

4.1.1. Stage (1): Note that I{H) is the antipath graph of the path {zi ^ yi ~ 2/2 ^ 
. . . y„ ^ Z2}, so the ordering of given in ([1]) is a linear quotients ordering by 
Proposition 13.11 

4.1.2. Stage (2a): We now move on to generators in (2a) and show that after adding 
through the {i — Vf*" term in (2a), we have linear quotients when we colon this ideal 
against our i"^ term, M — ziZ2xyi. Let Q be this colon ideal, 

Q = IztZ2Xy, ■ {ziZ2Xyi) 

= [J^ + (ziZ2xyj I 1 < j < i - 1)) : (ziZ2xyi). 
Note that the following inclusions hold, via the elements noted on the right. 

• Q2 {jjj I j 7^ «) as yj = ziZ2yjyi : ziZ2xyi. 

• Q D [zi) when i ^ 1 as zi = ziZ2Ziyi : ziZ2xyi. 

• Q ^ (22) when i ^ n BS Z2 = ziZ2Z2yi : ziZ2xyi. 

• Q ^ iVi) when i ^ {1, n} as yi = yfziZ2 : ziZ2xyi. 

Assume to G Q is a minimal monomial generator of Q that is not linear, i.e. 
m — m! : ziZ2xyi for some to' appearing in the ordering earlier than ziZ2xyi. As 
TO is minimal, its support cannot contain any of the variables in Q and therefore 

{{x} z = 2, . . . , n — 1, 

{x,zi,yi} z = 1, 
{x,Z2,yn} i = n. 

In the first of these cases, we note that if x\m then x'^\m'. As this does not happen 
for any to' before ziZ2Xyi, the only cases we need to consider are i = 1 and i = n. 
In both of these cases we can assume that x does not divide to. 
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Case {i = 1): In this case, we are adding the generator ziZ2xyi to J^, our 
edge ideal of the antipath, i.e. Q = : ziZ2xyi. Note that Q 3 
(2/2, • • • , 2/n, •^2)- Hence, if we have a minimal monomial generator m £ Q 
which is not linear, its support must be contained in {zi,yi}. 

If Zi\m then z1\m' so m' must be of the form zfyjyt with j,k > 1. 
However, we then have m' : ziZ2xyi = ziyjyk which cannot be a minimal 
generator of Q, as both yj,yk £ Q- 

lfyi\m then yf\m' so m' must be of the form yfyjZ2 (for j > 2) or yfyjyk 
(for j,k > 2) or yfz2- In these three cases the m' are yiyj, yiyjyk, and 
yiZ2 respectively. However each of these are not minimal, from yj,Z2 G Q 
for j > 2. 

Case {i = n): Now we are adding the final generator ziZ2xyn to the ideal 
IziZ2xyn = J'^ + {ziZ2xyi :l<i<n-l). 

For this, we have Q = ( + {ziZ2xyj \ 1 < i < n — 1)) : {z-iZ2xyn) which 
satisfies Q 3 (?yi, . . . , j/n-i, zi). In this case, if we have a minimal monomial 
generator m <E Q which is not linear, its support must be contained in 
{Z2,yn}- 

If Z2\m then z||to'. The only such m' G IziZ2zyn must be of the form 
Z2yjyk with j, k < n. However, we then have m' : ziZ2xyi = Z2yjyk which 
is not a minimal generator as yj,yk G Q- 

Similarly, if j;,i|m then y^|m'. All such m' € IziZ2zy„ are of one of the 
following three forms: 
(i) ylyjZi (for some j < n - 1) 
(ii) ylViVk (for some j,k <n-l) 
(iii) ylzl 

In these three cases the m = m' : M is 
(i) m = yfjjjZi : ziZ2zy„ = VjUn, 

(ii) m = y^y^yfc : ziZ2zyn = yjykyn, and 

(iii) m = 2/^2:2 . ziZ2zyn = ynZi respectively. 

However each of these are not minimal as yj, zi e Q for j < n — 1. 

So our ordering of our generators is a linear quotients ordering through the end of 
stage (2a). 

4.1.3. Stage (2b): The second part of the second stage involves adding monomials 
M = xyiyjZ2 to our ideals Im according to the lex order on 

Q = Ixyiy,Z2 ■ {xyiyjZ2) 

= (J^ + {ziZ2xyj I 1 < i < n) + {xyi'yj'Z2 : >iex ■ {xyiyjZ2) 

Note the following inclusions hold, via the elements noted. 

• Q 2 {yk \ k < j) as yk = xyiykZ2 : xyiyjZ2 

• Q 2 (zi) as zi = xyiZiZ2 : xyiyjZ2 

• QD {Z2) when j ^ n as zi = yiyjz^ : xyiyjZ2 

• Q 2 {yk \ k > j + 1) as yk = yiyjykZ2 ■ xyiyjZ2 

• Q2 iVj+i) when i ^ j bs yj+i = yiyjyj+iZ2 : xyiyjZ2 

• <3 2 iUj) when i<j -2 and j n as yj = yiyjZ2 : xyiyjZ2 
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Taken together for M — xyiyjZ2 this gives 




■,yn,Zl,Z2) j^n,i<j-l 

■ ,yj-i,y]+i, ■ ■ ■,yn,zi,z2) j ^n,i + i= j 

■ ,%-i,%+2,- • ■,yn,zi,Z2) j j^n,i=j 
■,yn-i,zi) j=n. 



Assume m G Q is a minimal monomial generator that is not linear. That is m = 
m' : xyiyjZ2 for some m' before xyiyjZ2. As m is minimal, its support cannot 
contain any of the variables in Q. Also if x were to be in supp(m) then x"^ would 
divide m'. As no there is no such m' e Im before xyiykZ2, we have x J[m. Thus 
the support of m satisfies 



supp(m) C < 



j n,i < j -1 

{yj} i i^n,i + l= j 

te'%+i} 3T^n,i = j 

Ayn,Z2} j = n 



Case {j ^ n,i < j — 1): There is nothing to check as x does not divide m 

and all other variables are in Q. 
Case {j ^ n,i + 1 = j): In this case m must be a power of yj. As m is not 

linear, y^\m and hence yj\m'. However none of the generators of I{G)^ are 

divisible by y^. 

Case {j ^ n,i = j): In this case supp(m) C {j/j, j/j+i}. As m is not linear, 
we have one of the following must hold: 
(i) y||m 

(ii) yjyj+i\m 

(iii) y|+i|m. 

In these three cases respectively we must then have 
(i) 2/f|m' 
(ii) y'jyj+i\m- 

(iii) m' e {y]y^+T^,yjy^+T^,yj+i,xyjy]^-^,xy^^-^,Z2yjy^+i,z2y^+-t_,xz2yj+i}. 
Case (i) cannot happen, as y| does not divide any generator of I{G)^. 
Similarly, in case (ii), y^yj+ilm' which would require yjyj+i € I{G), which 
is not a generator of the edge ideal of the anticycle. 

Finally, in case (iii) all degree 4 monomials divisible by yj_^_i have been 
enumerated as possible m'. None of these are generators of I{G)'^ except 
for m' = xz2y'j^i- This however occurs later in our order. 
Case {j = n): In this case supp(m) C {y„,z2}. As m is not linear, one of 
ynZ2 and Z2 divide m. If or Z2 divide m then y^ or Z2 divide m'. 
However no generator of /(G)^ is divisible by a cube of a variable. l{ynZ2\m 
then m' = y^zf which is not a generator of I{G)'^- 



4.1.4. Stage (2c): Showing that this part of the ordering is a linear quotients or- 
dering can be done using its symmetry with Stage (2b). We wish to show that all 
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Q such that 

= ^ + (ziZ2xyj I 1 < j < n) + {xykyiZ2 \ l<k<l<n,k<n) 

+ {xykVizi I {k,l) <iex' : {xyiVjZi) 

are again generated by variables. We first show that Q' is generated by variables, 
for 

Q' = (^J^ + {ziZ2xyj I 1 < i < n) + {xyuyizx \ {k,l) <iex' {ij))^ ■ (xyiyjZi), 

where the <iex' denotes the lex ordering on Ui with the variables in reverse order 
from the <iex used in Stage (2b). 

Via symmetry with Stage (2b), this Q' must have linear quotients via an identical 
proof. From this, we see 

{yi,---,yn,zi,Z2) j j^n,j <i-l 

{yi, ■ ■ ■ ,yj-i,yj+i, ■ ■ ■ ,yn, zi, Z2) + i = i 

{yi, ■ ■ ■ ,yj-i,yj+2, ■ ■ ■ ,yn,zi,z2) i^i,i = j 
(y2,---,yn,Z2) i = l- 

Clearly Q' c Q. We note that Q and Q' only differ by a colon ideal of the form 

{xykyiZ2 \ 1 < k < I < n, k < n) : (xyiyjZi). 

The generators of Q which are not in Q' are of the form xykyiZ2 ■ xyiyjZi and hence 
all must divisible by 02- 

Since Z2 E Q' in all cases, we see that Q is generated by variables for all mono- 
mials M added in this stage. 

4.1.5. Stage (2d): For the final case of Stage 2, we add all monomials in J • if of 
the form m = xyiyjyk ordered via lex with j/i > y2 > ■ ■ - yn- Our colon ideals then 
are of the form 

Q = ^xyiyjVk '■ {.xyiyjyk) 

= ^J^ + {ziZ2xyj \ l<j<n) 

+ [xykyiZ2 \ 1 < k < I < n, k < rCj + (^xykyizi \ l<k<l<n,l<l^ 

+ (xyi'yj'yk' \ I < i' < f < k' < n,i' + 2 < k' , {i' , f , k') >iex {i,j,k))j : (xyiyjyk). 

The last set of generators in Ixy,yjyk ^''c given by 

{xyi'yj'yk' \ I < i' < f < k' < n,i' + 2 < k' ,j' ,k') >iex (i,j,fc)) 

as the variables can be arranged with indices i', j', k' in increasing order, but i' + 2 < 
k' as at least one pair of {yi' ,yj' ,yk'} must be nonadjacent in the anticyclc graph. 
This forces the given inequality. 

Our colon ideals now satisfy the following inclusions, via the elements noted. 

• Q 2 {yi \ I < j) as yi = xyiyiyk : xy^yjyk 

• QD {Z2) as Z2 = xyiykZ2 : xyiyjyk 
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• Q 3 {zi) as zi = xyn/kzi : xy^yji/k 

• Q 2 {yi \ I > j + 2) as yi = ViViVkyi ■■ xyiyjyk 



• Q 2 {Vj+i) when i + l<j and j + 2 <k as yj+i = yiyjyj+iyk : xyiyjyk 

• Q2 iUj) when i + 2<j and j + 2<k as yj+i = yiy^yk ■ xy^y^yk- 
Together this gives 

[yi, ■ ■ -^yj-i^Vj+i, ■ ■ ■,yn,zi,Z2) i= j -l and j + 2<k 
< (j/i, . ■ • , yj-i,yj+2, ...,y„,zi,Z2) i = j or j = k,k-l 
^{yi,...,yn,zi,Z2) otherwise. 
Assume m G Q is a minimal monomial generator that is not linear. That is 
m = m' : xyiyjyk for some m' before M = xyiyjyk- As m is minimal, its support 
cannot contain any of the variables in Q. Also if a;|m then x^\m'. As this does not 
happen for any m' before xyiyjyk, x ^ supp (m). Thus the support of m satisfies 

{Vj} i = j — ^ and j + 2 < k 

supp(m) C ^ {yj, j/^+i} i=j or j = k,k-l 
^ otherwise. 

Case (i = j — 1 and j + 2 < k): In this case, m must be divisible only by yj 
and cannot be linear. Thus y||m and y||m' which does not hold for any 
generator m' € I{G)^. 

Case (i = j or j = fc, fc — 1): In this case, m has its support contained in 
{yj,yj-^i}. As in the previous case, if the support of m contains {yj}, we 
obtain a contradiction. 

If the support of TO contains {yj+i} and then to/ must the product of 
yj_^_i and two of x, j/j, yj,yk- However, for this to be a generator of /(G)^ the 
two chosen vertices must both be adjacent to yj. If i = j, then m'xy'j_^_iyk 
is the only possibility, but this comes after xy^yk in our ordering. If j = A; 
or j = fc — 1 then m' = xyiyj_^_i is the only possibility. This again lies after 
M = xyiyjyk in the ordering. 

Other Cases: In the other cases, the quotient contains all variables (except 
X, but there is no term divisible by x"^ which occurs prior to M in the 
ordering.) Hence, Q must be generated by linear terms. 

4.1.6. Stage (3a): Now we move on to adding those terms in K^, meaning mono- 
mials in I{GY which came from pairs of edges xyi and xyj. Our colon ideals will 

be of the form: 

Q — -^x^yiUj '■ {x Viyj) 

= ^ + {ziZ2xyj I 1 < j < n) + {xykyiZ2 \ I < k < I < n,k < n) 

+ {xykyizi \ l<k<l<n,l<l) + {xyiyjyk \ 'i-<i<j<k<n,i + 2<k) 

+ {x^ykyi \ I < k < I < n,l < l,{k,l) >iox : {x^yiyj)- 



These colon ideals satisfy the following inclusions via the elements noted. 

• Q ^ (yi) when j > 3 as 2/1 = xyiyiyj : x^yiyj 

• <3 2 (yi) when i> I asyi= x^yiyi : x^yiyj 
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• Q 2 {yk \ I < k < j) as Uk = x^yiUk ■ x^yiy-j 

• Q 2 {yk \ i + 2 < k < n) as yk = xytyjyk : x'^ytyj 

• Q 2 (22) when i n as Z2 = xyiyjZ^ : x^y^yj 

• Q 2 (zi) when j 1 as zi = xyiyjZi : x^j/jj/j 

Together this gives 



Q2 < 



(2/3,- 


■■,yn,Zl,Z2) 




i = l,j = 2 


{yi,- 


■■,yn, Zl, Z2) 




i + 2<j 


[yu- 


••,%-i>2/i+i>- 


■,yn,Zl,Z2) 


l<i=j-l 


{yi,- 


..,yj-i,yj+2,- 


■,yn,Zl,Z2) 


1 < i = j < n 


,(yi>- 


■ ■,yn-i,zi) 




i=j = n. 



Assume m £ Q is a minimal monomial generator that is not Unear. That is m = 
m' : x^yiyj for some m' before M = x^yiyj. Again, as m is minimal its support 
cannot contain any of the variables in Q. Also if x\m then x^\m! which does not 
happen for any m' G I{GY. Thus the support of m satisfies 



{yi,y2} 



supp(to) C < 



i = l,j = 2 
i + 2<j 
i=j-l 
1 < i = j < n 
i=j = n. 



{%} 

{yj,yj+i} 

^{yn,Z2} 

We examine each of these cases individually. 

Case {i = l,j = 2): In this case m is divisible by one of j/^, 1/12/2, J/i and hence 
to' is divisible by yf, t/iJ/i, 2/2- None of these can hold for m' a generator of 

Case {i + 2 < j): There is nothing to check as x does not divide to' and all 

other variables are in Q. 
Case (i = j — 1): In this case to must be a power of yj. As to is not linear, 
yj\m' and hence 2/||to. No generators of I{G)'^ are divisible by (or any 
third power of a variable.) 
Case (1 < i = j < n): In this case to is divisible by one of 2/|, yjyj+i or y^+i- 



If to' is to appear before x'^yiyj in our list, it cannot be x'^y'^ 
„2„,2 As I = j, the remaining possibilities for to arc xy'^ ^».2^, . . o,^, .^,2 



j,x^yjyj+i, nor 

x't/j^j^. AS I = J, tnc remaining possibilities tor to arc .xyj, XAj^yj^i, xy^y"^^^ 
or a monomial of degree four in yj and y^+i. However, none of these are 
generators of I{G)^. 
Case (i = j = n): In this case to is divisible by one of y'^, ynZ2, -zf- 

divisible by one of y^, ynZ2, z^- There are no to' £ -f(G)^ such that the first 
two hold. For the last, if z||to' and 2/„ does not divide to then to' must be 
one of Z2, Z2X, zfj/i, z|a;^, 2|a;2/„, ^^fj/n- None of these are in liG)"^. 

Prom this, we see that I{G)'^ has a linear quotients through Stage (3a). 



4.1.7. Stage (3b): Finally, we add our generator x^yl to our ideal I^'iy'i. We only 
need to check that for this one remaining generator, the following colon ideal is 
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generated by variables: 
Q = I^2y2 : (x^yf) 

= ^./^ + {ziZ2xyj I 1 < j < n) + {xykyiZ2 \ l<k<l<n,k<n) 

+ {xyuyizi \ l<k<l<n,l<l) + {xyiy^yk \ l<i<j<k<n,i + 2<k) 




We have the following inclusions by the elements noted: 

• Q 2 iVk \ i < k < n) a.s yk ^ x^ViVk ■ x^vl 

• Q D (Z2) when i ^ n &s Z2 — xyiZ^ : x^y\. 

This gives us that our colon ideal satisfies Q ^ (?;2, ■ • ■ , J/n, ^2)- 

So, if m €E Q is a minimal non-linear monomial, then supp(to) C {yi^zi\ and 

m = m! : x'^yf for some m G I{G)'^ before x^y^. If yi\m then m' must be divisible 

by yf. There is no such m' G I{G)^. Thus supp(m) = {zi}. 

Since by assumption, m is not linear, Zi\m. Thus, z1\m! and the other variables 

dividing m! can only be zi,x or yi. There is no way to form a generator of I{G)'^ 

using only these variables as j/i and x and zi are not adjacent to zf. Hence, 

Q= {y2,---,yn,Z2)- 

So this provides a linear quotients ordering on I{G)^. □ 

5. Future Research 

For higher powers of the edge ideal I{An)'^ of the anticycle, it is still unknown 
if all powers have a linear resolution, much less linear quotients. Construction of 
linear quotient orderings on /(^„)'^ would accomplish this. 

Question 5.1. Does I{An)'^ have linear quotients for k > 37 

We produced an ordering above on /(A„)^ by decomposing An into complemen- 
tary subgraphs Pn-i and An \ Pn-i- While this order is nonunique, ordering the 
edges of I{An)'^ by decomposing the graph into the complementary subgraphs H 
and G\H, then considering pairs of edges as appropriate, seems to produce linear 
quotients orderings with the clearest descriptions. Extending this order to 1(G)'' 
in a similar fashion has proven fairly difficult, even in the case oi I{G)^ , but would 
be a natural next step after Theorem 14.21 

A problem of more general interest is to complete Theorem 11.31 of Herzog, Hibi 
and Zheng by answering the following question: 

Question 5.2. Let G be the complement of a chordal graph. Does I{GY have 
linear quotients for k > 2? 

We might also ask for a description of all edge ideals whose powers eventually 
have linear resolutions. 

Question 5.3. Can we exhibit classes of graphs G such that for all sufficiently 
large k, 

(i) 1(G)'' has a linear resolution, or 

(ii) 1(G)'' has linear quotients? 
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In jNP09] ■ it was conjectured that graphs satistfymg Question l5.3t| I|) are precisely 
those graphs G with a C4-free complement. General conditions for the second class 
however remain open. It appears that anticycles A„ form such a class, but we 
wish to find more general conditions for the powers of an edge ideal of a graph to 
stabilize on linear quotients. 
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